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ABSTRACT

Magnetic flux tubes in the presence of background rotational flows, known as solar vortex tubes,
are abundant throughout the solar atmosphere and may act as conduits for MHD waves to transport
magnetic energy to the upper solar atmosphere. We aim to investigate the Poynting flux associated
with these waves within solar vortex tubes. We model a solar vortex tube as a straight magnetic flux
tube with a background azimuthal velocity component. The MHD wave solutions in the equilibrium
configuration of a vortex tube are obtained using the SESAME code and we derive an expression for the
vertical component of the Poynting flux, S, associated with MHD modes. In addition, we present 2D
visualisations of the spatial structure of S, for different MHD modes under different background flow
strengths. We show that S, increases in the presence of a background rotational flow when compared to
a flux tube with no rotational flow. When the strength of the background flow is greater than 100 times
the strength of the perturbation, the S, associated with non-axisymmetric (|m| > 0) modes increases
by over 1000% when compared to a magnetic flux tube in the absence of a background rotational flow.
Furthermore, we present a fundamental property of solar vortices that they cannot solely produce an
upwards Poynting flux in an untwisted tube, meaning that any observed S, in straight flux tubes must
arise from perturbations, such as MHD waves.

Keywords: Magnetohydrodynamics (1964); Solar atmosphere (1477); Solar chromosphere (1479); Solar

oscillations (1515)

1. INTRODUCTION

The mechanisms which maintain the temperature of
the solar corona remain elusive despite considerable
progress over recent years in the understanding of both
AC (Van Doorsselaere et al. 2020) and DC (Pontin &
Priest 2022) heating mechanisms. However, it is evident
that the magnetic field plays a dominating role in the
supply and transport of energy available for the heating
of solar plasma.

One method by which energy can be transported from
the photosphere to the corona is through magnetohydro-
dynamic (MHD) waves generated at the photosphere.
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However, MHD waves face many challenges in making
it to the corona where their energy can be available for
heating. Transverse (cross-field) structuring is essential
for magnetic waveguides to exist in the solar atmosphere
to support the propagation of MHD waves. Classically,
features acting as magnetic waveguides such as coro-
nal loops, sunspots, pores, spicules and prominences, to
name a few, have been modelled as static, straight mag-
netic flux tubes to study their feasibility in supporting
MHD wave propagation. However, it has recently be-
come evident that magnetic vortex tubes, such as so-
lar tornadoes and spinning solar jets, may also act as
MHD waveguides, channeling increased amounts of en-
ergy flux to the corona (Yadav et al. 2020, 2021; Finley
et al. 2022; Kuniyoshi et al. 2023; Silva et al. 2024). Fur-
thermore, rotational motions of solar jets are present in
both numerical simulations (Gonzalez-Avilés et al. 2019;
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Skirvin et al. 2023a) and observations (Suematsu et al.
2008; Sharma et al. 2017; Sharma et al. 2018) making it
difficult to diagnose the properties of MHD waves guided
by these structures using the model of a static magnetic
flux tube. Moreover, rotational motions are frequently
reported in both observations and numerical studies in
relation to MHD waves and/or untwisting of the mag-
netic field (e.g. Wedemeyer-Bohm et al. 2012; Tziotziou
et al. 2018, 2020; Murabito et al. 2020; Aljohani et al.
2022; Liakh & Keppens 2023; Petrova et al. 2024). Mag-
netic vortex tubes can be modelled as straight mag-
netic flux tubes but in the presence of background rota-
tional plasma flows, with implications for the spectrum
of MHD waves that can be supported. Features resem-
bling vortex tubes are ubiquitous throughout the solar
atmosphere (Tziotziou et al. 2023), therefore, it is vital
to develop the theory and understanding of MHD wave
properties in the presence of rotational plasma motions
to correctly diagnose them in solar observations and nu-
merical simulations.

The stability of MHD modes in an equilibrium con-
taining background rotational flows has been studied
in a solar (Soler et al. 2010; Zaqarashvili et al. 2015;
Cheremnykh et al. 2018) and astrophysical (Keppens
et al. 2002; Brughmans et al. 2024) context. However,
literature on the broad spectrum of MHD modes and
their observability in rotating magnetic flux tubes is
limited. Although, the spectrum of MHD waves in mag-
netic flux tubes in the presence of background rotational
flows has been explored in both an adiabatic (Wang
et al. 2004; Skirvin et al. 2023b) and non-adiabatic con-
text (Hermans & Keppens 2024). In both cases, it is
found that the modes are altered by the background
flow providing a Doppler shift to the continua, modify-
ing the shape of the eigenfunctions from the case of a
static flux tube, with implications for interpreting ob-
servational data of MHD waves in rotating structures.

The Poynting flux vector is an important quantity to
understand the magnetic energy transfer by waves in the
structured solar atmosphere. A study by Goossens et al.
(2013) derived expressions for the energy fluxes associ-
ated with transverse (m = 1) kink waves in pressureless
flux tubes with a piece-wise constant density. The au-
thors demonstrated how calculating the vertical compo-
nent of the Poynting flux when using classic, volume fill-
ing bulk Alfvén waves can significantly overestimate the
real energy flux carried by transverse MHD kink waves
in the presence of spatial structuring. Moreover, the
wave energy fluxes associated with axisymmetric MHD
waves (m = 0) in photospheric magnetic flux tubes was
investigated by Moreels et al. (2015). This study built
on the work by Goossens et al. (2013) through the inclu-

sion of plasma pressure and these expressions have been
exploited in numerous observational results over recent
years to determine the energy fluxes from observations
of MHD waves in the solar atmosphere (e.g. Grant et al.
2015; Keys et al. 2018). However, these derivations as-
sume a static magnetic flux tube, and it is unclear how
the presence of background flows may affect the Poynt-
ing flux carried by MHD waves.

This paper is structured as follows: in Section 2 we
layout the equations necessary to conduct an analyti-
cal investigation into the Poynting flux associated with
MHD modes in rotating flux tubes. In section 3 we ob-
tain the wave solutions in a rotating equilibrium using
the SESAME code Skirvin et al. (2021, 2022, 2023b),
and derive an expression for the vertical component of
the Poynting flux, S, associated with MHD waves in
such an equilibrium configuration. We present 2D vi-
sualisations demonstrating how S, may appear for dif-
ferent modes under varying strengths of the background
flow, and explore how the presence of a background ro-
tational flow affects the magnitude of the Poynting flux
when compared with the static case. In section 4 we
summarise our findings and outline future work.

2. METHODS

To investigate the Poynting flux in solar vortex tubes,
we work in a cylindrical geometry (r,p,z) and con-
sider a straight and untwisted flux tube, such that
the background magnetic field vector can be written
as By = (0,0,Bp.). The flux tube under investiga-
tion exhibits rotational behaviour and the radially de-
pendent background velocity field vector is given by
vo = (0,v0,,(r),0). For simplicity, we will consider a
solid body rotation, such that the background rotational
flow is described as:

V0,0 (1) = Ar, (1)

where A is the amplitude of the rotational flow.
The ideal MHD equations used in this study are:

dp B
E'FPV'V—(L (2)
dv 1
p(dt) :prJr%(VxB)xB7 (3)
%—?:VX(VXB), (4)
V-B=0, (5)

)

where p, v, p, B, v and p denote plasma density, plasma
velocity, plasma pressure, magnetic field, the ratio of
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specific heats (taken v = 5/3) and the magnetic perme-
ability respectively. Physical effects such as gravity, flux
tube expansion and non-ideal terms are neglected in the
current study. In the lower solar atmosphere it should be
noted that magnetic flux tubes possess significant non-
vertical magnetic field as a result of flux tube expansion
to maintain pressure balance due to gravitational strat-
ification, however, this effect can be considered to be
negligible in the current study due to the analysis in the
local plasma environment. Since the equilibrium quan-
tities depend on r only, the perturbed quantities can be
Fourier-analysed with respect to the ignorable coordi-
nates ¢, z and time ¢ and put proportional to:

exp [i (my + kz — wt)],

where m is the azimuthal wave number, k is the vertical
(parallel to the magnetic field) wavenumber and w is the
wave frequency.

To obtain the wave solutions for the flux tube equi-
librium under consideration, Equations (2)-(5) are lin-
earised resulting in a system of two differential equations
containing the total pressure perturbation Pr and the
Lagrangian displacement perturbation in the radial di-
rection rér (see e.g. Sakurai et al. 1991; Goossens et al.
1992), which can be written as:

d / - R .
D (vé,) = Curé, — CorPr, (7)
dp R .
DTTT = C3¢,. — C1 Pr, (8)
where,
D = po (c2 + i) (2 = k*0}) (* — k°c7) 9)
Q=w-— %vw7 (10)
2 2 2
5 YD 2 Bj . 2 VaCs
==, VY = ——, Cr = ——F5 5, 11
po’ T ppe T (B +0d) )
T2
Ci =Q0% —2m (cg + vi‘) (QQ — kzc%) Jox (12)

2
Co=0t (4 3) (g 1) (@ 0). (1)

d 2
Cy = D{po (Q% — k%) e [—,0 (UO—"P) ]}-ﬁ-

r
(14)
T2
+Q*—4 (ci + 1)124) (92 - kzc%) Pox
_ 2 22 povaw
Q=—-(-k ’UA)T, (15)
T = pOQUO,LP' (16)

Quantities ¢?, v%4, and cZ define the squares of the

equilibrium local sound, Alfvén and cusp (tube) speeds
respectively. The quantity 2 represents the Doppler
shifted frequency as a result of the background plasma
flow.

Equations (7)-(8) can be combined to create a single,
second-order differential equation in either rér:

i |10 ()] ~atn (6) =0 a9

where,
1) =~ (18)
o= (L) -5 (e-G). o

or Pr:
a [f(r) Prl _gmpe—0. ()

where,
fo) = (21)

_ d (rCy r C?

-5 () 5(e-a) @
Equations (17) and (20) reduce to the well-known Bessel
equations presented in Edwin & Roberts (1983) when
the plasma inside and outside the flux tube is uniform
and does not depend on the spatial coordinate r.

For a non-uniform plasma, the governing Equations

(7)-(8) possess regular singularities where the wave fre-
quency matches the local characteristic frequencies at:

w = %vo,v(r) + kuy, (23)

w= @UO’LP(T) + ker. (24)
T

Equations (23) and (24) define the flow continua modi-
fied by the local Alfvén (24) and slow (Qr) frequencies,
respectively. In ideal MHD, the wave solutions existing
inside the continua, with positions given by Equations
(23) and (24), are known as ‘quasi-modes’ where the
wave frequency becomes a complex quantity (De Groof
& Goossens 2000; Goedbloed & Poedts 2004; Geeraerts
et al. 2022) and the waves may be resonantly damped
or become unstable. However, given that the rotational
flow profile in the present study depends linearly on the
radial coordinate, the continua in this case reduce to
single point values.

Obtaining an equilibrium in a rotating magnetic flux
tube is achieved in the same manner outlined in Skirvin
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et al. (2023b). In order to maintain total pressure bal-
ance across the waveguide the following expression must
be satisfied (Goossens et al. 2011):

d Bg.\ _ pop(r) s

Integration of Equation (25) yields:

Bg r2
S0z pA2l 2
p+ o P (26)

where the constant of integration is absorbed into the
gas pressure term, p, and corresponds to the plasma
pressure on the axis of the cylinder where the amplitude
of the flow is zero (see e.g. Cheremnykh et al. 2018). Un-
der the photospheric conditions considered in this work,
the total pressure balance is achieved by an increase in
temperature to balance the increase in azimuthal flow
amplitude towards the boundary of the flux tube.

The presence of a background rotational flow not only
modifies the equilibrium pressure balance relationship,
but also affects the continuity conditions on the bound-
ary of the waveguide. Considering a magnetic flux tube
in the presence of a background rotational flow, the re-
sulting boundary continuity conditions state, for the La-
grangian displacement in the radial direction and the
total pressure perturbation:

=&l (27)

r=a r=a

2
A P0iV ~

Here, plasma variables inside the flux tube are denoted
by subscript ¢, and outside the flux tube are denoted
with subscript e. The change in boundary conditions are
accounted for in the numerical eigensolver, and a pair
of eigenvalues will only be retrieved for values satisfying
the above conditions.

Ere

Pr. (28)

r=a

3. RESULTS

3.1. MHD wave solutions in a rotating magnetic fluz
tube

Consider a magnetic flux tube under photospheric
conditions where the characteristic speeds both inside
and outside the tube can be defined as: ¢; = 1, ¢, =
1.5¢;, va; = 2¢;, vae = 0.5¢; with internal density
p; = 1. This choice of equilibrium parameters results
in a density contrast between the internal and external
plasma to be roughly p;/p. = 0.567 such that the flux
tube is under-dense with respect to the external plasma.
The amplitude of the background rotational flow is cho-
sen as A = 0.1, such that vo, = 0.1r and the flow is

both subsonic and subalfvénic throughout the domain.
This choice of flow amplitude allows us to investigate the
effect of the rotating tube on the possible trapped MHD
waves within and study their magnetic energy transport
without entering the regime of any flow-driven instabili-
ties such as Kelvin-Helmholtz or encounter the nonlinear
regime.

Firstly, it is necessary to obtain the MHD wave so-
lutions to Equations (17) and (20) with the associ-
ated boundary conditions provided by Equations (27)
and (28). To do so, a numerical eigensolver is im-
plemented as both Equations (17) and (20) have no
known closed form analytical solutions, without mak-
ing assumptions that somehow reduce the mathemati-
cal complexity. Therefore, investigating the properties
of wave modes propagating within an equilibrium which
is non-uniform must be done numerically. The numer-
ical approach used in this study utilises the numerical
eigensolver SESAME (Shooting Eigensolver for SolAr
Magnetohydrostatic Equilibria) developed and applied
in Skirvin et al. (2021, 2022) for non-uniform magnetic
slabs and non-uniform flux tubes, respectively, in addi-
tion to the study of MHD wave modes in rotating pho-
tospheric tubes by Skirvin et al. (2023b). The SESAME
code obtains the wave solutions, k£ and w, for a given
azimuthal wavenumber m and matches the necessary
boundary conditions of &. and Pr for a provided equi-
librium configuration.

The SESAME solutions are shown on the dispersion
diagram in Figure 1 for sausage, kink and fluting modes
with azimuthal wave numbers m = 0,+£1, +2, respec-
tively, in a rotating photospheric flux tube with ampli-
tude of rotation vy, = 0.1r. As reported by Skirvin
et al. (2023b) the presence of a background rotational
flow has no considerable effect here on the solutions for
the axisymmetric m = 0 sausage mode, however, there
may be some modification of the solutions in the thin-
tube limit. This is expected because, although in Equa-
tions (7)-(16) the background azimuthal flow is usually
multiplied by the azimuthal wavenumber m, there are
some instances where v, is present independent of m,
for instance in the expressions of the variables @) and T'
in Equations (15) and (16), respectively.

Figure 1 highlights the effect of the rotational flow on
non-axisymmetric modes (e.g. m = £1,42) and indi-
cates the position of the flow modified slow continua. It
is evidently clear that the eigenvalues of the slow body
and slow surface modes follow the respective continua
which depends on azimuthal wavenumber m. The phase
speed of the positive modes (e.g. m > 0) is increased
compared to the scenario of no background rotational
flow, as these modes rotate in the same direction as the
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Figure 1. The dispersion diagram for a rotating photospheric flux tube with vg,, = 0.1r indicating the wave solutions obtained
with SESAME. Red curves denote the sausage m = 0 mode, blue curves highlight the m = £1 kink mode and green curves
denote fluting m = +2 modes. The dashed blue and green curves indicate the flow modified slow continuum for the m = 1
kink mode and m = 2 fluting mode, respectively. The dashed grey curve indicates the flow modified Alfvén continuum for the

m = —1 kink mode.

background flow and their propagation is supported and
enhanced by the flow. On the other hand, the phase
speed of the negative modes (m < 0) is reduced, as
these modes rotate against the direction of the flow and
their propagation is suppressed. Moreover, for the neg-
ative modes rotating against the flow, the slow modes
(slow body and slow surface) do not appear to exist in
the thin-tube (long-wavelength) limit, instead they be-
come absorbed into the flow modified slow continuum
where they may become resonantly damped or unsta-
ble. For the negative modes, the fast surface kink mode
follows the trajectory of the flow modified Alfvén con-
tinuum and is absorbed by this in the long-wavelength
limit regime. The fast surface fluting m = —2 modes
also follow their respective Doppler shifted Alfvén con-
tinuum, however, due to the greater shift to their con-
tinuum resulting from the higher order azimuthal mode,
solutions which typically exist in the leaky regime for
photospheric conditions (w/k > c.), are now shifted into
the trapped regime. In a uniform static magnetic flux
tube, the phase speed of the fast surface fluting mode
tends towards the kink speed in the long-wavelength
limit. However, in the presence of a background ro-
tational flow, it appears to follow the trajectory of the
flow modified Alfvén continuum with m = —2 where it
then appears to merge with the slow body mode branch.
This merging may be an interesting focus of future stud-
ies and the location of the sharing of properties between
the two modes will be dependent on a case-by-case ba-

sis of particular flow amplitudes and background plasma
equilibrium values.

3.2. Deriwvation of expression for S, for MHD modes
in a rotating flux tube

Once the MHD wave solutions are obtained for a given
equilibrium configuration of a magnetic flux tube, it is
possible to investigate the Poynting flux associated with
these modes. The Poynting flux, S can be written as:

S = 1 ExB 29

= in X b. (29)

The Poynting vector S describes the direction in which

magnetic energy is flowing and its magnitude is ex-

pressed in W/m?. From this point, we will drop the

1/4m term, representing the magnetic permeability, and

absorb it into magnetic field variable B. Using the MHD

expression for the definition of the electric field E, Equa-
tion (29) becomes:

S=—-(vxB)xB. (30)

Similar to the analysis procedure undertaken in Section
3.1, the Poynting flux vector can be linearised to study
the contribution from different wave modes. However,
typically after linearising, when considering wave energy
fluxes the first order terms average out over a wavelength
(due to the equal contribution from positive and nega-
tive values). Therefore, to study the energy fluxes as-
sociated with MHD waves, we should also consider the
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second order terms which are inherently nonlinear in na-
ture. To do so, we follow an approach similar to that
described in Section 9.3 of the book by Walker (2005)
which allows us to use quantities that are averaged over
a complete cycle of the wave (Goossens et al. 2013).
This approach demonstrates how treating the variables
as products of complex conjugates can result in expres-
sions for the energy flux which are quadratic in nature,
however, arise from only first-order reduced MHD equa-
tions (Goossens et al. 2013; Moreels et al. 2015). Given
the fact that we are only interested in trapped MHD
waves in this study, which can be expressed solely in
terms of real-valued variables (as opposed to complex
quantities), we will linearise the Poynting flux vector
but include second order terms in the expansion. Now,
let us use subscript 0 to denote equilibrium quantities
and subscript 1 to denote the small perturbations. The
linearised Poynting vector can be expressed in the fol-
lowing terms:

SZ—(V()XB())XBO — (V1XBO)XBO —

T1 T2

—(V()XB())XB]_ —(V()XB]_)XBO — (V]_XB())XB]_—

T3 T4 T5
— (VO X Bl) X B]_ — (Vl X B]_) X B() . (31)

T6 T7

It can be seen that there are seven terms describing the
total Poynting flux in Equation (31) comprising the in-
teraction between the background rotating plasma and
the perturbations resembling the MHD waves. The
MHD Poynting flux vector can be decomposed into two
separate contributions, one relating to the vertical trans-
port of horizontal magnetic field and another connected
with the horizontal buffeting of vertical magnetic fields
(Shelyag et al. 2012). In this study, the equilibrium mag-
netic field is purely vertical, such that we only model
the contribution from horizontal motions of the verti-
cal magnetic field as a mechanism for producing vertical
Poynting flux. From this point, all variables can be as-
sumed to be perturbations unless sub-scripted with 0.
The background equilibrium configuration assumed in
this study consists of a straight magnetic flux tube with
a background vy, component which is linear in the ra-
dial direction. The term in Equation (31) labelled T1
represents the Poynting flux solely from the background
plasma, therefore, this term is of zero order and rep-
resents the Poynting flux associated with the magnetic
vortex tube itself. This term contributes only to the az-
imuthal component of the Poynting vector and does not
produce any net upwards magnetic energy flux. Explic-

itly, this can be written as:
[(vo x Bo) x Bo] = 0f + v,Bj.¢ + 02, (32)

which is a fundamental result, because any magnetic
solar vortex tube in observations or numerical simula-
tions, must contain a significant azimuthal component
of the magnetic field vector, complimented by an az-
imuthal or vertical velocity field component, in order to
self-generate an upwards Poynting flux. Therefore, the
magnitude of S, associated with solar vortices will heav-
ily depend upon the pitch angle of the background mag-
netic field (By,,/Bo,,), which should be incorporated
and investigated in future work. The fact that solar
vortex tubes with very small pitch angles (By , < By,.)
produce very little vertical Poynting flux may explain
why the horizontal component of the Poynting flux has
suggested to be important in the solar atmosphere (Silva
et al. 2022). Therefore, any vertical Poynting flux pro-
duced in straight rotating magnetic flux tubes must be
a result of perturbations only, and may be interpreted
as the Poynting flux associated with MHD waves guided
by the vortex tube. In fact, the full inclusive expression
for the vertical Poynting flux S, in a twisted magnetic
flux tube with background flow is given by:

[(vo x Bo) x Bol: = (Bo,,v0,2 — 0,4 Bo,2)Bo,ps  (33)

highlighting the necessity for a twisted magnetic tube for
the presence of a background Poynting flux component
in the vertical direction.

In this study, we are most interested in .S, as this rep-
resents the magnetic energy transported upwards along
the vertical magnetic field, which would be available for
heating in the upper atmosphere. The components of
first order, given by terms highlighted T2, T3, T4 in
Equation (31), which contribute to the vertical Poynt-
ing flux can be written as:

Sz = —’UO’@BOJB@. (34)

The above expression demonstrates that the vertical
component of the Poynting flux is zero, as expected for
the first order terms, unless there is a background flow
which can advect the flux associated with the wave. The
background flow does not need to be along the axis of
the tube, in this case, the flow is around the tube axis,
however as the magnetic field is vertical, an upwards
magnetic energy flux is generated.

The components of second order, terms 5, 6, 7 in Equa-
tion (31), of the vertical Poynting flux can be written as:

S, = By, (Byv, + Brvy) +vo,,B,B,. (35)

The above expression indicates the quadratic terms to
S, which will not cancel out one another when averaged
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over a full cycle of the wave. Therefore, by combining
the first and second order terms of S, (remembering that
the zero order expression is zero for the z component),
the full S, expression is given by:

S, = _UO,@BO,ZBLP + B, (BQQ’U@ + BT’UT) + ’UO’QPB@BZ.

(36)
Equation (36) contains both the background plasma flow
and the perturbations of components of the velocity and
magnetic field associated with MHD waves in a magnetic
flux tube. The numerical eigensolver SESAME finds the
wave solutions for a given equilibrium by matching the
necessary boundary conditions for Pr and &, provided
in Equations (27) and (28). Therefore, it would be in-
structive to write Equation (36) in terms of quantities
relating to the plasma environment and the eigenfunc-
tions Pr and &,.. Following Goossens et al. (1992), we
can use the following expressions:

v = —i§2&,, (37)

BO zQ m gr
- 0 | Mp optr 38
= g [T @
B, = _ikBO,ZgTa (39)
B, = kBg’z P 2T§r 40
@ [ w

k*v3 €,
B. = By. 25 _
0. ( Q2 r

02
(41)

Inserting Equations (37)-(41) into Equation (36) yields:

k B3
P XMW252>[mF%_2T5]>

[.00 (@2 = k2c7) (¢ +v3)

S = QBO z§2 (

vO ,0 gr
r po (2 —k2c2) (2 + %) | | 92

kOB
B 2—022 <mPT - 2T§r> - (42)
po (2 = k203)" \ 7

Equation (42) provides, to the best of our knowledge,
the first explicit expression describing the field-aligned
Poynting flux associated with MHD waves in a solar
vortex tube resembling a straight untwisted magnetic
flux tube with a background rotational flow. However,
Equation (42) is extremely complex, as the spatial struc-
ture of the eigenfunctions will also depend upon the
wavenumber and specific mode under investigation. For
example, in the long-wavelength limit as k& approaches
zero, the azimuthal perturbation of displacement is dom-
inant for the fast surface mode over the vertical displace-
ment component, with obvious implications in determin-
ing which term is dominant in Equation (36).

Q2Pp — Q¢ ] [k%?

02Pp — QF, } {kch . 1} - 1)

It is easy to validate Equation (42) against previously
obtained analytical expressions for the Poynting flux in
less complicated equilibrium configurations. For exam-
ple, if the presence of a background flow is neglected
(vo,, = 0), we can see from Equations (36) or (42):

S. = Bo. (Bpv, + Byv,) | (43)

which, using Equations (37)-(41), can be written as:

S. = wkBj . (€5 +&7) - (44)

The work by Goossens et al. (2013) adopt the complex
conjugate approach outlined in Walker (2005). They
also assumed a pressureless plasma such that ¢ = 0
(sound speed) and &, = 0. In addition, they studied
the m = 1 kink mode, therefore, following the approach
of Goossens et al. (2013), it is clear that Equation (44)
can be written as:

S. =wkBi . (€-€7), (45)
which can be manipulated to:
S = pow’ (& &) vpn, (46)

ere vy, = w/k and w} = k?v?. Equation (46) agrees
;,\:' h Equation (13) from Goossens et al. (2013) when
averaged over a complete wavelength.

In a magnetic flux tube with no background rotational
flow, Equation (42) can be expressed in terms of Pr and

& as:

Bo m 2
. = kv — P -
S POWRV 4 <|:p0 (w2 . k2'U124) r T:| + gr) ( 7)

We can substitute m = 0 into Equation (47) to re-
cover Equation (5) from Moreels et al. (2015) where the
authors were investigating the energy fluxes associated
with sausage modes in photospheric flux tubes. Substi-
tuting m = 0 yields:

S. = powkvAe?, (48)
which can be rewritten as:

S, = povikwgrf;fvph, (49)

as derived in Moreels et al. (2015) when considering av-
eraging of the wave energy flux over a full wavelength.
Therefore, we can be confident that Equation (42) de-
scribes the field-aligned component of the Poynting flux
associated with MHD waves in rotating flux tubes.
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Figure 2. Spatial structure of the eigenfunctions
(Pr,vr, Br,v, and By,) for the slow body kink mode (m = 1)
normalised to 0.01 at r = a with £k = 1.76 and w = 1.69. The
boundary of the magnetic flux tube with a background rota-
tional flow is denoted by the dashed red line at r = 1.

3.3. Amplitude ratios

Throughout the preceding derivation for S, associated
with MHD modes in rotating magnetic flux tubes, we
are free to choose the relative amplitudes of the pertur-
bations (i.e. the strength of the wave) for the eigen-
functions &, and Pr with respect to the strength of the
background plasma flow. It is likely that throughout
the solar atmosphere, there are plasma dynamics gen-
erating waves with varying amplitudes with respect to
the strength of background flows. Therefore, it would
be instructive to study the properties and observabil-
ity of MHD modes with varying amplitude ratios. In
other words, to understand the change in behaviour of
the modes as the amplitude of the flow and/or the am-
plitude of the perturbation changes with respect to each
other.

To investigate this, let us focus on one of the most fre-
quently observed modes in the lower solar atmosphere
in waveguides such as sunspots and pores; slow body
modes. Their spatial behaviour is more strongly affected
by the presence of a rotational flow inside the flux tube,
when compared to surface waves whose strongest per-
turbation exists on the tube boundary. Let us fix the

amplitude of the rotational flow to be 0.1 at the flux
tube boundary, as is consistent throughout this work.
However, we now scale the amplitude of the perturba-
tion such that, at » = a, the magnitude of the pertur-
bation ranges from 0.001, 0.005, 0.01, 0.02, 0.05, 0.1
and 1. In other words, we are investigating the regime
where the amplitude of the flow is 100 times greater
than the wave (e.g. wvo, = IOOf where f denotes the
strength of the perturbation) to the regime whereby the
amplitude of the wave is 10 times greater than the flow
(e.g. vo,, =0.1 f ) which is approaching the limit where
the flow can almost be neglected, as the perturbation
is much stronger than the background flow speed. It
should be noted here that the wave amplitude is nor-
malised to its value at the boundary of the flux tube,
however, inside the flux tube the amplitude of the wave
may be larger than the normalised value, as we are
studying body modes which are oscillatory in nature
inside the waveguide. An example of the eigenfunc-
tions for the slow body mode (m = 1) with & = 1.76
and w = 1.69, is displayed in Figure 2 for the scaling
of 0.01, which corresponds to 10% of the flow velocity.
The spatial structure of the modes are exactly the same
for different amplitude ratios considered in this work
for each mode, respectively. In the solar atmosphere,
rotational flows from observations have reported ampli-
tudes of roughly 1 — 4 km s~! for photospheric bright
points (Bonet et al. 2008), 5 — 13 km s~! for chromo-
spheric swirls (Park et al. 2016) and 0.23 — 0.48 km
s~! in convectively driven photospheric sinks (Vargas
Dominguez et al. 2011; Requerey et al. 2017). There-
fore, the amplitude ratios studied in this work would
correspond to perturbation amplitudes on the order of
0.01 — 0.2 km s~! (for the strongest background rota-
tional flows). These perturbation amplitudes are con-
sistent with a range of possible phenomena in the lower
solar atmosphere such as acoustic oscillations (p-modes)
and granular/supergranular motions (Hart 1956; Priest
2014; McClure et al. 2019). For a comprehensive review
into the rotational flow amplitudes of vortex motions in
the lower solar atmosphere, see Table 5 from Tziotziou
et al. (2023).

Firstly, the spatial structure of the m = 0 sausage
mode is displayed in Figure 3 for two different ampli-
tude ratios, one corresponding to the amplitude ratio
V0, = 20f and the other for the case where Vg,p = 2f.
The presence of a background rotational flow does not
significantly affect the spatial structure of S, when com-
pared to the case of a flux tube with no background
rotational flow. The amplitude of S, increases as the
strength of the perturbation is increased, however, this is
to be expected. For the regime when the strength of the
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Figure 3. The vertical component of the Poynting flux S, for the slow body sausage mode in the presence of background
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amplitude, respectively. The boundary of the flux tube is represented by the solid blue line whereas the equilibrium location of

the boundary is shown with the dashed red line.

background flow is much stronger than the amplitude of
the wave perturbation, there is a rotational behaviour
of the velocity vector as a result of the background flow,
however, as the strength of the flow is decreased (or
alternatively as the amplitude of the perturbation is in-
creased) then the resulting velocity field resembles that
of a classic sausage mode.

The spatial structure of the kink mode (m = 1) in a
rotating magnetic flux tube is displayed in Figure 4 for
varying amplitude ratios of the wave strength with re-
spect to the background flow. Figure 4(a) corresponds
to the regime where the amplitude of the background
rotational flow is much greater than the amplitude of
the perturbation, and the perturbation amplitude is in-
creased until Figure 4(f) which displays the case where
the amplitude of the background flow and of the pertur-
bation are of equal strength at the boundary. The result
of decreasing the strength of the background flow (alter-
natively increasing the strength of the perturbation) is
not only visible in the velocity streamlines, however, can
also be seen to affect the value of S,. As expected, when
the wave amplitude is weak and the flow is dominant,
the S, value is very small (as the background magnetic
flux tube has no associated S,). However, when the am-
plitude of the wave is increased, the resulting Poynting
flux also increases and the spatial pattern of the slow
body kink mode becomes more obvious throughout the
volume of the flux tube. Interestingly, for values of the
amplitude ratio when the flow is a factor of 5 — 20 times
greater than the strength of the wave perturbation, there
is a clear asymmetry in the azimuthal direction of the

vertical Poynting flux. In some spatial locations, there
are even ‘null’ points where the vertical Poynting flux
becomes zero.

Similarly, the spatial structure of S, for the kink mode
(m = —1) is highlighted in Figure 5 for the same values
of amplitude ratio. As expected, the magnitude of the
vertical Poynting flux increases as the strength of the
wave perturbation with respect to the background flow
is increased. Moreover, there is also a notable difference
in the spatial pattern of the S, signal as the wave am-
plitude is increased, similar to the case when m = 1.
It is interesting to note that, even when the strength of
the background rotational flow is much greater than the
strength of the perturbation, there is still an asymmetry
of the velocity vectors for the non-axisymmetric modes
(m =1 and m = —1), whereas, the asymmetry in the
S, signal only becomes visible when the flow amplitude
is greater than roughly 20 times the amplitude of the
wave perturbation, highlighted in Figure 5 panel (b).
This asymmetry in the S, signal reduces when the am-
plitude of the wave perturbation becomes comparable
to the strength of the background rotational flow shown
in Figure 5 panel (f).

The superposition of the signals from both the m =1
and m = —1 modes are displayed in Figure 6 for vary-
ing amplitude ratios. The sum of the two modes in this
figure assumes that both the m = 1 and m = —1 modes
have the same normalisation. In other words, we assume
that the strength of the two modes are equal. However,
it is likely in reality that both the positive and negative
modes are generated with unequal amplitudes, which
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Figure 4. Spatial profiles of the vertical component of the Poynting flux S for the kink mode with m = 1 in a rotating magnetic
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with the dashed red line.

will change the superposition of the signal. Nonetheless,
making the assumption that the kink mode is generated
with equal amplitude for both the positive and negative
azimuthal wave numbers is instructive when analysing
wave modes in vortices in the solar atmosphere. As dis-
cussed in Skirvin et al. (2023b), the presence of a back-
ground rotational flow does not permit a standing kink
mode in the azimuthal direction. This is highlighted in
Figure 6 as the movement of the boundary of the flux
tube is no longer transverse in one plane, instead, the
superposition of the two modes produces a transverse
displacement which itself rotates around the central axis
over time, resulting in a circularly polarised kink mode.

The spatial distributions of S, for the m = 2 and
m = —2 fluting mode are displayed in Figures 7 and 8,
respectively. Similar to the kink mode, the pattern of
S, becomes more detailed with a greater range of sub-
structuring as the amplitude of the flow is decreased
(increased perturbation). The effect of the background
rotational flow appears to decrease the complexity of
the S, signal, with a small apparent swirling nature vis-
ible for both modes in the case of strong flow. More-

over, there is a visible rotational pattern in the velocity
streamlines for cases when the amplitude of the flow is
stronger than 10 times the perturbation, shown in Fig-
ures 7 and 8 panels (a) and (b), which would be mea-
surable in simulations and detectable in observations.
The spatial pattern of S, for the combined superpo-
sition of the m = 2 and m = —2 modes is shown in
Figure 9. The effect of the background rotational flow is
much more evident for higher order modes, and a strong
swirling nature of the S, signal can be seen for the case
when the flow is greater than 5 times stronger than the
perturbation, seen in Figure 9 panels (a)-(d). The asym-
metry in the azimuthal direction, caused by the presence
of the rotational flow, results in the positive and nega-
tive modes propagating with different phase speeds, no
longer forming a standing mode pattern in the azimuthal
direction. With increasing azimuthal wavenumber, the
sub-structuring becomes more complex and, as a result,
the presence of the background rotational flow distorts
the observed signal heavily. Only when the amplitude of
the flow is weak compared to the strength of the pertur-
bation, do we see a spatial pattern which is reminiscent
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of the fluting mode of azimuthal wavenumber m = 2, in
Figure 9 panels (e)-(f).

Figure 10 displays the computed maximum values of
S, for different MHD modes with and without the inclu-
sion of a background rotational plasma flow in the model
for the same pair of eigenvalues for each mode. Figure
10(a) demonstrates that there is no significant effect on
the magnitude of S, for the sausage mode (m = 0), ex-
cept for the regime where the strength of the background
flow is much greater than the strength of the perturba-
tion where the Poynting flux associated with the wave
increases by one order of magnitude. However, it can
be seen in Figure 10(b) and Figure 10(c) that the pres-
ence of a background rotational flow appears to increase
the magnitude of the magnetic energy transported by
non-axisymmetric MHD modes for varying amplitude
ratios. For all modes, it is clear that the Poynting flux
is increased by larger amounts in the regime where the
strength of the flow is much greater than the strength
of the perturbation. This is more evident in Figure 11
which shows the percentage difference between the max-
imum S, value for each mode when the background ro-
tational flow is included, opposed to the static case of
the Poynting flux associated with each mode without
the background flow. Note that because S, associated
with MHD modes is increased when background rota-

tional flow is included, that the percentage difference
displayed in Figure 11 represents a percentage increase
from the case of a magnetic flux tube with no rotational
flow. When the strength of the background flow is much
greater than the perturbation, the S, associated with
the MHD modes can be increased by more than 1000%
for the non-axisymmetric modes, albeit that this is a
large increase of a small number. However, the cumu-
lative effect of the MHD waves in a sufficient number
of solar vortex tubes present on the Sun at any given
moment, originating from the intergranular lanes, may
transport a significant amount of S, to the upper solar
atmosphere.

4. DISCUSSION & CONCLUSIONS

In this paper, we have explored how the vertical com-
ponent of the Poynting flux, S, associated with MHD
modes, is affected when in the presence of a background
rotational flow. This is instructive when analysing both
numerical and observational data of the dynamics of
MHD waves in, for example, solar tornadoes. We have
derived an analytical expression, given in Equation (42),
for S, transported by MHD modes for any azimuthal
wavenumber m, which depends solely on the plasma
and wave quantities. This expression reduces to pre-
viously obtained analytical formulas for the Poynting
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flux associated with MHD modes in magnetic flux tubes
without background rotational flows. Furthermore, we
have presented a fundamental result that, for any un-
twisted magnetic flux tube, there is zero vertical Poynt-
ing flux associated with the background rotating equi-
librium. In order for vortex tubes to self generate ver-
tical Poynting flux in the solar atmosphere, they must
posses magnetic twist in addition to background flows.
Therefore, for magnetic flux tubes with weak pitch an-
gles, whereby the axial component of the magnetic field
dominates over the azimuthal component, any vertical
Poynting flux can be associated with perturbations only,
for example the propagation of MHD waves. This result
has important consequences for interpreting the wealth
of observational and numerical data of rotating struc-
tures in the solar atmosphere, suggesting that solar vor-
tex tubes, solar tornadoes and magnetic swirls, amongst

others see e.g. Tziotziou et al. (2023), can act as con-
duits for MHD waves in the solar atmosphere.

Exploiting the derived expression for S,, we produced
2D visualisations of S, for different MHD modes under
varying regimes of amplitude ratios. This was achieved
through varying the amplitude of the obtained wave
eigenfunctions with respect to the strength of the back-
ground plasma flow. We found that the presence of a
background flow had little effect on the spatial distribu-
tion of S, for the axisymmetric sausage mode m = 0.
On the other hand, the presence of a background rota-
tional flow has an effect on the non-axisymmetric modes
(|m| > 0), whereby increased sub-structuring in the S,
signal is apparent for higher order modes, and a no-
table swirling pattern appears for the superposition of
the modes. It may be possible to calculate S, from ob-
servations of the lower solar atmosphere as both the ve-
locity and magnetic fields are readily measurable, and it
has been shown that MHD is a good approximation for
S, in the solar photosphere (Tilipman et al. 2023). Tech-
niques such as Local Correlation Tracking (November &
Simon 1988, LCT;), Fourier Local Correlation Track-
ing (Fisher & Welsch 2008, FLCT;) and machine learn-
ing techniques such as Deepvel (Asensio Ramos et al.
2017), provide information regarding the velocity field,
whereas the magnetic field may be measured using spec-
troscopic techniques and Stokes inversions. The diffi-
culty will then be separating the measured S, into the
background and perturbed components in order to de-
termine the contribution from MHD waves to the mea-
sured S, signal. However, the contribution from these
different MHD modes to the total S, signal in rotating
solar magnetic flux tubes may be retrievable using wave
analysis techniques such as Proper Orthogonal Decom-
position and Dynamic Mode Decomposition (Albidah
et al. 2021, 2023; Jafarzadeh et al. 2024).
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Finally, we computed the maximum value of S, deter-
mined using Equation (42) for each MHD mode in the
presence of a background rotational flow and compared
this against the case of a static magnetic flux tube. We
find that the presence of a background rotational flow in-
creases the maximum value of S, for all modes, and that
the increase is greater for higher azimuthal wavenum-
bers and for stronger background flows. To convert the
results presented in this work into physical units, we
can take numerical simulations of magnetic tornadoes
as an example. Kuniyoshi et al. (2023) found that the
Poynting flux at the transition region in a 3D radiative
MHD simulation was 420% greater in the presence of
a magnetic tornado when compared to a region where
the magnetic tornado was absent, and that this increase
is roughly 3 x 105 erg cm? s~!. That increase would
correspond to an amplitude ratio vg,, = 10 — 20 f , how-
ever, it is unclear the contribution from MHD waves to
this increase. Going forward, it will be crucial to sep-
arate the Poynting fluxes associated with background
flows (the rotating structures themselves) and any wave
perturbations, in order to get a better understanding
of the energy transport of MHD waves in solar vortices
and their physical contribution to the energy budget of
the solar atmosphere. The results of this study may
be useful for interpreting the ratio between the ampli-
tudes of background flows and MHD wave perturbations
in numerical and observational data. In this work we
have focused solely on the magnetic energy associated

with MHD waves in rotating flux tubes, however, when
modelling a plasma with non-zero plasma pressure, it is
possible that the thermal energy associated with these
waves is significant. An investigation into the thermal
energy associated with MHD waves in solar vortex tubes
should be the focus of future work.

ACKNOWLEDGMENTS

SJS, VF, SSA and GV are grateful to the Sci-
ence and Technology Facilities Council (STFC) grants
ST/V000977/1, ST/Y001532/1. VF, SSA and GV
thank The Royal Society, International Exchanges
Scheme, collaboration with Instituto de Astrofisica de
Canarias, Spain (IES/R2/212183), Institute for As-
tronomy, Astrophysics, Space Applications and Re-
mote Sensing, National Observatory of Athens, Greece
(IES/R1/221095), and Indian Institute of Astrophysics,
India (TES/R1/211123) for the support provided. VF
and SSA would like to thank the International Space Sci-
ence Institute (ISSI) in Bern, Switzerland, for the hos-
pitality provided to the members of the teams on ‘The
Nature and Physics of Vortex Flows in Solar Plasmas’
and "Tracking Plasma Flows in the Sun’s Photosphere
and Chromosphere: A Review & Community Guide’.
VF and GV are grateful to the Institute for Space-Earth
Environmental Research (ISEE, International Joint Re-
search Program, Nagoya University, Japan) for the sup-
port provided.

REFERENCES

Albidah, A. B., Brevis, W., Fedun, V., et al. 2021,
Philosophical Transactions of the Royal Society of
London Series A, 379, 20200181,
doi: 10.1098 /rsta.2020.0181

Albidah, A. B., Fedun, V., Aldhafeeri, A. A., et al. 2023,
ApJ, 954, 30, doi: 10.3847/1538-4357 /acd7eb

Aljohani, Y., Fedun, V., Ballai, I., et al. 2022, ApJ, 928, 3,
doi: 10.3847/1538-4357 /ac56db

Asensio Ramos, A., Requerey, I. S., & Vitas, N. 2017,
A&A, 604, A11, doi: 10.1051/0004-6361/201730783

Bonet, J. A., Marquez, 1., Sdnchez Almeida, J., Cabello, I.,
& Domingo, V. 2008, ApJL, 687, L131,
doi: 10.1086,/593329

Brughmans, N., Keppens, R., & Goedbloed, H. 2024, ApJ,
968, 19, doi: 10.3847/1538-4357/ad3d52

Cheremnykh, O., Fedun, V., Ladikov-Roev, Y., & Verth, G.
2018, AplJ, 866, 86, doi: 10.3847/1538-4357 /aadb9f

De Groof, A., & Goossens, M. 2000, A&A, 356, 724

Edwin, P. M., & Roberts, B. 1983, SoPh, 88, 179,
doi: 10.1007/BF00196186

Finley, A. J., Brun, A. S., Carlsson, M., et al. 2022, A&A,
665, A118, doi: 10.1051,/0004-6361 /202243947

Fisher, G. H., & Welsch, B. T. 2008, in Astronomical
Society of the Pacific Conference Series, Vol. 383,
Subsurface and Atmospheric Influences on Solar Activity,
ed. R. Howe, R. W. Komm, K. S. Balasubramaniam, &
G. J. D. Petrie, 373, doi: 10.48550/arXiv.0712.4289

Geeraerts, M., Vanmechelen, P., Van Doorsselaere, T., &
Soler, R. 2022, A&A, 661, A100,
doi: 10.1051/0004-6361/202243218

Goedbloed, J. P. H., & Poedts, S. 2004, Principles of
Magnetohydrodynamics

Gonzélez-Avilés, J. J., Guzméan, F. S., Fedun, V., et al.
2019, MNRAS, 484, 1936, doi: 10.1093/mnras/stz087

Goossens, M., Erdélyi, R., & Ruderman, M. S. 2011, SSRv,
158, 289, doi: 10.1007/s11214-010-9702-7

Goossens, M., Hollweg, J. V., & Sakurai, T. 1992, SoPh,
138, 233, doi: 10.1007/BF00151914

Goossens, M., Van Doorsselaere, T., Soler, R., & Verth, G.
2013, AplJ, 768, 191, doi: 10.1088/0004-637X/768/2/191


http://doi.org/10.1098/rsta.2020.0181
http://doi.org/10.3847/1538-4357/acd7eb
http://doi.org/10.3847/1538-4357/ac56db
http://doi.org/10.1051/0004-6361/201730783
http://doi.org/10.1086/593329
http://doi.org/10.3847/1538-4357/ad3d52
http://doi.org/10.3847/1538-4357/aadb9f
http://doi.org/10.1007/BF00196186
http://doi.org/10.1051/0004-6361/202243947
http://doi.org/10.48550/arXiv.0712.4289
http://doi.org/10.1051/0004-6361/202243218
http://doi.org/10.1093/mnras/stz087
http://doi.org/10.1007/s11214-010-9702-7
http://doi.org/10.1007/BF00151914
http://doi.org/10.1088/0004-637X/768/2/191

16 SKIRVIN ET AL.

Grant, S. D. T., Jess, D. B., Moreels, M. G., et al. 2015,
ApJ, 806, 132, doi: 10.1088/0004-637X/806/1/132

Hart, A. B. 1956, MNRAS, 116, 38,
doi: 10.1093/mnras/116.1.38

Hermans, J., & Keppens, R. 2024, A&A, 686, A180,
doi: 10.1051/0004-6361/202348337

Jafarzadeh, S., Schiavo, L. A. C., Fedun, V., et al. 2024,
arXiv e-prints, arXiv:2404.18717,
doi: 10.48550/arXiv.2404.18717

Keppens, R., Casse, F., & Goedbloed, J. P. 2002, ApJL,
569, L121, doi: 10.1086/340666

Keys, P. H., Morton, R. J., Jess, D. B., et al. 2018, ApJ,
857, 28, doi: 10.3847/1538-4357/aab432

Kuniyoshi, H., Shoda, M., Tijima, H., & Yokoyama, T.
2023, ApJ, 949, 8, doi: 10.3847/1538-4357 /accbb8

Liakh, V., & Keppens, R. 2023, ApJL, 953, L13,
doi: 10.3847/2041-8213/acea’8

McClure, R. L., Rast, M. P., & Martinez Pillet, V. 2019,
SoPh, 294, 18, doi: 10.1007/s11207-019-1395-9

Moreels, M. G., Freij, N., Erdélyi, R., Van Doorsselaere, T.,
& Verth, G. 2015, A&A, 579, A73,
doi: 10.1051/0004-6361/201425096

Murabito, M., Shetye, J., Stangalini, M., et al. 2020, A&A,
639, A59, doi: 10.1051,/0004-6361 /202038360

November, L. J., & Simon, G. W. 1988, AplJ, 333, 427,
doi: 10.1086,/166758

Park, S. H., Tsiropoula, G., Kontogiannis, I., et al. 2016,
A&A, 586, A25, doi: 10.1051/0004-6361/201527440

Petrova, E., Van Doorsselaere, T., Berghmans, D., et al.
2024, A&A, 687, A13, doi: 10.1051/0004-6361/202348799

Pontin, D. 1., & Priest, E. R. 2022, Living Reviews in Solar
Physics, 19, 1, doi: 10.1007/s41116-022-00032-9

Priest, E. R. 2014, Magnetohydrodynamics of the Sun

Requerey, 1. S., Del Toro Iniesta, J. C., Bellot Rubio, L. R.,
et al. 2017, ApJS, 229, 14,
doi: 10.3847/1538-4365/229/1/14

Sakurai, T., Goossens, M., & Hollweg, J. V. 1991, SoPh,
133, 227, doi: 10.1007/BF00149888

Sharma, R., Verth, G., & Erdélyi, R. 2017, ApJ, 840, 96,
doi: 10.3847/1538-4357 /aa6d57

Sharma, R., Verth, G., & Erdélyi, R. 2018, The
Astrophysical Journal, 853, 61,
doi: 10.3847/1538-4357 /aaa07f

Shelyag, S., Mathioudakis, M., & Keenan, F. P. 2012,
ApJL, 753, L22, doi: 10.1088,/2041-8205,/753/1/L22

Silva, S. S. A., Murabito, M., Jafarzadeh, S., et al. 2022,
ApJ, 927, 146, doi: 10.3847/1538-4357 /ac4601

Silva, S. S. A., Verth, G., Rempel, E. L., et al. 2024, ApJ,
963, 10, doi: 10.3847/1538-4357/ad1403

Skirvin, S., Verth, G., Gonzdlez-Avilés, J. J., et al. 2023a,
Advances in Space Research, 71, 1866,
doi: 10.1016/j.asr.2022.05.033

Skirvin, S. J., Fedun, V., Silva, S. S. A., et al. 2023b,
MNRAS, 518, 6355, doi: 10.1093/mnras/stac3550

Skirvin, S. J., Fedun, V., Silva, S. S. A., & Verth, G. 2022,
MNRAS, 510, 2689, doi: 10.1093/mnras/stab3635

Skirvin, S. J., Fedun, V., & Verth, G. 2021, MNRAS, 504,
4077, doi: 10.1093 /mnras/stab1143

Soler, R., Terradas, J., Oliver, R., Ballester, J. L., &
Goossens, M. 2010, ApJ, 712, 875,
doi: 10.1088/0004-637X/712/2/875

Suematsu, Y., Ichimoto, K., Katsukawa, Y., et al. 2008, in
Astronomical Society of the Pacific Conference Series,
Vol. 397, First Results From Hinode, ed. S. A. Matthews,
J. M. Davis, & L. K. Harra, 27

Tilipman, D., Kazachenko, M., Tremblay, B., et al. 2023,
ApJ, 956, 83, doi: 10.3847/1538-4357 /ace621

Tziotziou, K., Tsiropoula, G., & Kontogiannis, I. 2020,
A&A, 643, A166, doi: 10.1051/0004-6361 /202038951

Tziotziou, K., Tsiropoula, G., Kontogiannis, 1., Scullion, E.,
& Doyle, J. G. 2018, A&A, 618, A51,
doi: 10.1051/0004-6361,/201833101

Tziotziou, K., Scullion, E., Shelyag, S., et al. 2023, SSRyv,
219, 1, doi: 10.1007/s11214-022-00946-8

Van Doorsselaere, T., Srivastava, A. K., Antolin, P., et al.
2020, SSRv, 216, 140, doi: 10.1007/s11214-020-00770-y

Vargas Dominguez, S., Palacios, J., Balmaceda, L., Cabello,
1., & Domingo, V. 2011, MNRAS, 416, 148,
doi: 10.1111/j.1365-2966.2011.19048.x

Walker, A. 2005, Magnetohydrodynamic Waves in
Geospace: The Theory of Ulf Waves and Their
Interaction with Energetic Particles in the
Solar-Terrestrial Environment, Series in Plasma Physics
(London: Institute of Physics)

Wang, C., Blokland, J. W. S., Keppens, R., & Goedbloed,
J. P. 2004, Journal of Plasma Physics, 70, 651,
doi: 10.1017/50022377804003046

Wedemeyer-Bohm, S., Scullion, E., Steiner, O., et al. 2012,
Nature, 486, 505, doi: 10.1038 /nature11202

Yadav, N., Cameron, R. H., & Solanki, S. K. 2020, ApJL,
894, 117, doi: 10.3847/2041-8213/ab8dch

—. 2021, A&A, 645, A3, doi: 10.1051/0004-6361 /202038965

Zaqarashvili, T. V., Zhelyazkov, 1., & Ofman, L. 2015, ApJ,
813, 123, doi: 10.1088,/0004-637X/813/2/123


http://doi.org/10.1088/0004-637X/806/1/132
http://doi.org/10.1093/mnras/116.1.38
http://doi.org/10.1051/0004-6361/202348337
http://doi.org/10.48550/arXiv.2404.18717
http://doi.org/10.1086/340666
http://doi.org/10.3847/1538-4357/aab432
http://doi.org/10.3847/1538-4357/accbb8
http://doi.org/10.3847/2041-8213/acea78
http://doi.org/10.1007/s11207-019-1395-9
http://doi.org/10.1051/0004-6361/201425096
http://doi.org/10.1051/0004-6361/202038360
http://doi.org/10.1086/166758
http://doi.org/10.1051/0004-6361/201527440
http://doi.org/10.1051/0004-6361/202348799
http://doi.org/10.1007/s41116-022-00032-9
http://doi.org/10.3847/1538-4365/229/1/14
http://doi.org/10.1007/BF00149888
http://doi.org/10.3847/1538-4357/aa6d57
http://doi.org/10.3847/1538-4357/aaa07f
http://doi.org/10.1088/2041-8205/753/1/L22
http://doi.org/10.3847/1538-4357/ac4601
http://doi.org/10.3847/1538-4357/ad1403
http://doi.org/10.1016/j.asr.2022.05.033
http://doi.org/10.1093/mnras/stac3550
http://doi.org/10.1093/mnras/stab3635
http://doi.org/10.1093/mnras/stab1143
http://doi.org/10.1088/0004-637X/712/2/875
http://doi.org/10.3847/1538-4357/ace621
http://doi.org/10.1051/0004-6361/202038951
http://doi.org/10.1051/0004-6361/201833101
http://doi.org/10.1007/s11214-022-00946-8
http://doi.org/10.1007/s11214-020-00770-y
http://doi.org/10.1111/j.1365-2966.2011.19048.x
http://doi.org/10.1017/S0022377804003046
http://doi.org/10.1038/nature11202
http://doi.org/10.3847/2041-8213/ab8dc5
http://doi.org/10.1051/0004-6361/202038965
http://doi.org/10.1088/0004-637X/813/2/123

	Introduction
	Methods
	Results
	MHD wave solutions in a rotating magnetic flux tube
	Derivation of expression for Sz for MHD modes in a rotating flux tube
	Amplitude ratios

	Discussion & Conclusions

